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Abstract 

The Lefschetz hyperplane section theorem asserts that a complex 
affine variety is homotopy equivalent to a space obtained from its 
generic hyperplane section by attaching some cells. The purpose of 
this paper is to give an explicit description of attaching maps of these 
cells for the complement of a complex hyperplane arrangement defined 
over real numbers. The cells and attaching maps are described in 
combinatorial terms of chambers. We also discuss the cellular chain 
complex with coefficients in a local system and a presentation for the 
fundamental group associated to the minimal CW-decomposition for 
the complement. 
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1 Introduction 

The Lefschetz hyperplane section theorem is a result concerning a topological 
relationship between an algebraic variety and its generic hyperplane section. 
The following is a version of the Lefschetz theorem for affine varieties. Let 
g G C[xi, . . . ,xe] be a polynomial and M(g) := {x E C e \ g(x) ^ 0} be the 
hypersurface complement denned by g. 



Theorem 1.0.1 (Affine Lefschetz Theorem [Ha, HLJ) Let F be a generic 
affine hyperplane in C e . Then the space M(g) has the homotopy type of a 
space obtained from M(g)(lF by attaching a certain number of £- dimensional 
cells. 



The important part of the above Lefschetz theorem for affine varieties is that 
the cells attached to M(g) D F all have equal dimension I. This makes the 
situation relatively simple. An immediate corollary, obtained by induction 
on the dimension £, is that M (g) is homotopy equivalent to an ^-dimensional 
CW-complex whose (£ — l)-skeleton is homotopy equivalent to M(g) (IF, and 
we also conclude that the number of £-cells is equal to dimi^(M(g), M(g)flF). 
The number of £-cells is obviously greater than or equal to the Betti number 
bi(M(g)). More precisely, we have the following exact sequence: 

- H £ (M(g)) - H £ (M(g), M(g) n F) - H e ^(M(g) nF)^ H e ^{M(g)). 
Another corollary is 

Corollary 1.0.2 Let i p : H p (M(g) fl F, C) -> H p (M(g),C) denote the homo- 
morphism induced from the natural inclusion i : M(g) C\ F "—>■ M(g), then 

isomorphic for p = 0, 1, ...,£ — 2 
surjective for p = £ — 1. 

As noted by A. Dimca, S. Papadima and R. Randell ([ DPI] . |Ra2] ) . sup- 
pose ii-\ is isomorphic, then the number of ^-dimensional cells attached 
would be equal to the Betti number bi(M(g)). While in case of a hyperplane 
arrangement, that is, when g is a product of linear equations, ii-\ is indeed 
isomorphic (see Prop. I2.3.ip . and hence the number of £-cells is exactly equal 
to b e (M(g)). 

Repeating the same procedure inductively, we finally obtain a minimal 
CW decomposition. 

Theorem 1.0.3 ( |DP1| |Ra2j ) Let A be an affine arrangement in C . 
Then the complement M(^4) is homotopy equivalent to a minimal CW-complex, 
i.e. a CW-complex whose number of k- cells is equal to bk(M(A)) for each k. 

Let £ be a rank one local system on M(^4). Then the minimal CW- 
decomposition yields a cellular chain complex (C m (M(A), £), 9) satisfying 
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dimC k (M(A),C) = h(M{A)) and H k {M(A),£) = H k (C.(M(A),£),d). We 
call this the twisted minimal chain complex. This kind of minimal com- 
plexes were first constructed by D. Cohen by using stratified Morse theory 
|Colj . Properties of twisted minimal chain complexes have been studied in 
many papers including [Co2t \C0\ \DP2\ IPSj . To describe boundary maps 
d : C. -> C. _i, some information about the attaching maps of minimal CW- 
complexes are required. Attaching maps for minimal CW-decompositions for 
£ = 2 were studied by M. Falk [Fa] based on [Rail ISa] (see also [Li]). 

However, little is known about both the attaching maps and the bound- 
ary maps d : C, — > C,_i for higher dimensional cases. The purpose of this 
paper is to describe how £-cells are attached to a generic hyperplane section 
M(*4) fl F for the complement M(y4.) of a real hyperplane arrangement A 
( §5.2p . Here, "real hyperplane arrangement" means that the defining poly- 
nomial g G 1R[xi, . . . , Xi] is a product of linear equations with real coefficients. 
Although we have not yet obtained a complete understanding of the minimal 
CW-decomposition for hyperplane complements, we obtain a description of 
the twisted minimal chain complex (C,(M(A), £),d) (in Our formula 
of the twisted boundary map contains the integers "deg(C, C')" . It is de- 
fined by using the topological relationship between two chambers, and its 
computation will be quite difficult in general. But it is computable in a cer- 
tain cases. Our presentation has some applications on the structure of local 
system homologies, which will be discussed in a subsequent paper [Yj. 

The advantage of focusing our attention on real arrangements is that we 
can use structures of chambers, namely, the connected components of M(^4)n 
]R £ . The study of relationships between topology of M(^4) and combinatorics 
of chambers is a classical topic in the theory of hyperplane arrangements. 
We summarize some classical results related to chamber-counting problems 
in §2J The number of chambers are related to Betti numbers of M(A). Later, 
in §5.1[ we give a more geometric interpretation to these numerical relations 
between chambers and Betti numbers: chambers can be thought of as stable 
manifolds for a certain Morse function. This interpretation will play a crucial 
role in this paper. By a well-known duality between stable and unstable 
manifolds, the set of chambers are indexing unstable cells which appear in 
the minimal CW-decomposition. Thus the basis of the associated cellular 
chain complex is also indexed by chambers. 

In §3] we review the Salvetti complex and the Deligne groupoid. They 
relate combinatorial structures of chambers to topological structures of the 
complexified complements. In particular, for the purposes of this paper, we 
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have to describe local systems in terms of chambers. The Deligne groupoid 
offers an appropriate language to deal with local systems in a combinatorial 
context. A local system can be interpreted as a representation of the Deligne 
groupoid. 

In §4. II we give a proof of the Theorem 1 1 . . 1 1 for hyperplane complements. 
It is proved by applying Morse theory to a Morse function of the form \f/g\ 2 , 
where / is a defining equation of the generic hyperplane F. Although the 
proof does not involve anything new, Morse theoretic consideration in the 
proof will be needed later. In particular, Morse theory tells us that, under 
Morse-Smale condition on the gradient vector field, the unstable manifolds 
can be viewed as the £-cells attached to the generic section, and we have a 
homotopy equivalence 

M(i)^(M(i)nF)U |J Wp, 

peCvit(ip) 

where Wp is the unstable manifold corresponding to a critical point p G 
Crit(y) of the Morse function ip. From the Morse-Smale condition, unsta- 
ble and stable manifolds define "set-theoretic" dual bases of Ht(M(A)) and 
H l /(M(A)), respectively, that is, 

W u nW s_( W^W* = {p} ttp = q, 

W p nW «-\ if p ^ q . W 

The main result in §H is that the set-theoretical duality between stable and 
unstable manifolds characterizes the homotopy type of unstable manifolds. 

As noted above, in the case of real arrangements, a stable manifold is 
known to be equal to a chamber. The goal of §0is to construct cells attached 
to the hyperplane section M(^4) n F which satisfy the set-theoretical duality 
condition (pQ) with respect to the chambers. Thanks to the result in the 
previous section, the cells constructed in this section are homotopy equivalent 
to unstable manifolds. The special case when t = 2 offers a new presentation 
for the fundamental group 7r 1 (M(^4)), which is given in the appendix 

In §3 using the construction of the cells in the previous section, we de- 
termine the boundary map of twisted cellular complex of the minimal CW- 
decomposition. The essential ingredient is calculating twisted intersection 
numbers of the boundary of a cell and chambers. In §6.3[ we introduce the 
concept of the degree map which associates to a pair of chambers (C, C) an 
integer deg(C, C). The degree map is required for both the boundary maps 
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of twisted cellular chain complexes and the presentations for fundamental 
groups. 

2 Combinatorics of arrangements 

In this section we establish some relationships among generic subspaces, num- 
bers of chambers and Betti numbers for complements of hyperplane arrange- 
ments. 

2.1 Basic constructions 

Let V be an ^-dimensional vector space. A finite set of afline hyperplanes 
A = {Hi, . . . , H n } is called a hyperplane arrangement. Let L(A) be the set 
of nonempty intersections of elements of A. Define a partial order on L(A) 
by X < Y •<=>- Y C X for I,Fg L(A). Note that this is reverse inclusion. 

Define a rank function on L(A) by r(X) = codimX. Write LP {A) = 
{X e L(A)\ r{X) = p}. We call A essential if L e (A) ^ 0. 

Let /i : L(A) — > Z be the Mobius function of L(A) defined by 

/ 1 forX = \/ 

M j " I -Ey<xM^), forX>V. 

The Poincare polynomial of ^4 is 7r(^4, t) = ExeL(^) M^0(~ and we 
also define numbers &j(v4) by the formula 

ir(A,t) = Y! l=0 UA)t\ 
We also define the j3-invariant (3(A) by 

)9(^) = |7r(A-l)|, 

if A is an essential arrangement, the sign can be precisely enumerated as 
P(A) = (-lYn(A,-l). 

Given a hyperplane H e .A, we define other arrangements: the deletion of 
.4. with respect to if is A/ = A\{H} and the restriction is „4" = {if flfT | X G 
v4'}. Note that the restriction A" is an arrangement in H. The Poincare 
polynomials satisfy the following recursion: 

n(A,t) = n(A',t) +t -n{A",t). (2) 
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2.2 Classical results 



Let A be an arrangement in a real vector space Vr. Then the complement 
Vr \ UILi Hi * s a umon of open, connected components called chambers. Let 
us denote the set of all chambers by ch(A), and the set of relatively compact 
(or bounded) chambers by bch(^4). If A is an arrangement in a complex 
vector space Vc, the complement is a connected affine algebraic variety and 
denoted by M(A). 

The Poincare polynomial defined above and the geometric structure of 
the complement are related by the following theorem. 

Theorem 2.2.1 [OSl IZa] 

(i) Let A be an essential real £- arrangement. The number |ch(^4)| of cham- 
bers and the number |bch(^4)| of bounded chambers |bch(^4)| are given 
by 



(ii) Let A be a complex arrangement. Then bi(A) is equal to the topolog- 
ical Betti number bi(M(A)). In other words, the topological Poincare 
polynomial Pom(M(A),t) = 6j(M(^4))t* is given by 



In particular, the absolute value of the topological Euler characteristic 
|x(M(^4))| of the complement is equal to (3{A). 

2.3 Generic flags 

Let A be an I- arrangement. A g-dimensional affine subspace T q C V is 
called generic or transversal to A if dimjF 9 n X = q — r(X) for X G L(A). 
A generic flag T is defined to be a complete flag (of affine subspaces) in V, 



\ch(A)\ 
bdn(A)\ 



ir(A, 1) 

(-l) e n(A,-l)=(3(A). 



Poin(M(.A),t) 



n(A,t). 



T : | = r 1 Cf°Cf 1 C-CJ f = K, 



where each T q is a generic g-dimensional affine subspace. 
For a generic subspace T q we have an arrangement in T q 



Af\T q := {HnF q \ H e A}. 
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The genericity provides an isomorphism of posets 

L(ADF q ) ^L*>(A) := \JL\A). (3) 

i<q 

In |OS] Orlik and Solomon gave a presentation of the cohomology ring 
H*(M(A), Z) in terms of the poset L(A) for a complex arrangement A. The 
next proposition follows from ([3]). 

Propositon 2.3.1 Let A be a complex arrangement andT q a q- dimensional 
generic subspace. Then the natural inclusion i : M (A) HJF 9 M (A) induces 
isomorphisms 

% k : H k (M(A)n^,Z) -^H k (M(A),Z), 
for k = 0, 1, . . . ,q. 

In particular, the Poincare polynomial of A D T q is given by 

ir(AnJ 7q ,t)=ir(A,t)^ q , (4) 

where (^2 i>0 aitf)- q = Yli=o * s t ne truncated polynomial. These formulas 
and Theorem 12.2.11 prove the following result. 

Propositon 2.3.2 Let A be a real i- arrangement and T a generic flag. De- 
fine 

chf (A) = {C G ch(^)| Cn T q ± and C n T q ~ x = 0}, 
for each q = 0, 1, . . . , I. Then 

(i) |chf(^)| = 6 ff (M(^)). 

(ii) If A ts essential, then b e (M(A)) = (3(A U {Fe-i}), 

where M (A) is the complement of the complexified arrangement of A and 
AU {J-'e-i} is the arrangement obtained by adding T^ 1 to A. 

Proof. For any chamber C G ch(A), the intersection C fl JF 9 is either an 
empty set or a chamber in A fl T q . Hence we have a bijection 

U« 9 chf(^) — > ch(^in^) 
c i— > cnF. 
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Counting the number of chambers by using Theorem 12.2.11 (i) and we 
obtain 



5>hf(>t)| = |ch(^n^)| 

i<q 

= n(AnF q ,t)\ t =i 

Thus we have (i). 

The recursion formula (jSJ) allows us to calculate the Poincare polynomial 
ofAUJ*- 1 : 

tt^U^ -1 },*) = 7r(.A,t) +t-7r(^n^- 1 ,t) 

= 7r(^t, t) + t • (ir(A, t) - b £ (A)t £ ) . 



By putting t = — 1 we obtain (ii) 



□ 



Example 2.3.3 Figure [TJ shows an example of arrangement A of three lines 
in 1R 2 with a generic flag J:f°C J 1 . Note that n(A,t) = 1 + 3t + 3t 2 . 

Ci 



A generic flag 

T : { p t} ^"cf'cV 
jrl ch(X) = {(7 1 ,...,C 7 } 

Chf (A) = {C 6 } 
ch((A) = {C 2 ,C 5 ,C 7 } 
chf(A) = {C u C 3 ,C 4 } 




Figure 1: A 2- arrangement and a generic flag 
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Let A be a real arrangement with a generic flag T . Consider the i- 
th homology, cohomology and homology with locally finite chains for the 
complement. Both H l /(M(A), C) and H e (M(A), C) are dual to H e (M(A), C). 
So there exists a canonical isomorphism 

H l /(M(A),C) ^ H\M(A),C)- (5) 

Let C be a chamber. Using the inclusion Vr Vc = Vr © \/— IVr, C can 
be considered as a locally finite ^-dimensional cycle in M (.4) and determines 
an element [C] G H l /(M(A)). 

Recall that C G chf(A) is a chamber satisfying C fl JF^ 1 = 0, and that 
the number of such chambers is equal to the £-th Betti number be(A) = 
dimH l /(M(A)). Later we will prove that {[C] | C G chf (4) } forms a basis 
of H l /{M(A)) (Cor. 15X31) . 

3 The Salvetti complex and the Deligne groupoid 

In |Sa] Salvetti has given a finite regular CW-complex which carries the 
homotopy type of the complement M (A) in the case where A is a complexified 
real arrangement. In this section we review some results on the complexified 
complement M(4) of a real arrangement A. 

3.1 Complexified real arrangements 

Let Ar be an arrangement in a real vector space Vh- By definition each 
hyperplane H e Ar is defined by a real equation an = of degree one. The 
complexification Ac is a set of hyperplanes in Vc = Vr ® C defined by real 
equations (%h = for H e .Ar. 

Since Vc — Vr © a/^1Vr, Vc can be identified with the total space of the 
tangent bundle TVr. More precisely we identify as follows: 

TVr V c 

(6) 

(x,v) i — ► (x,v)c =x + v / -T^, 

where TVr = {(x, v)\ x G Vr,u G T x Vr = Vr}. This identification (jSJ) 
enables us to express a point in Vc as a tangent vector on Vr, and a path in 
Vc can be expressed as a continuous family of tangent vectors along a path 
in Vr, for simplicity we say a vector field along a path in Vr. 
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Example 3.1.1 The left side of Figure [2] expresses a vector field along the 
segment [—1, 1] in Vr = R. The right side expresses the corresponding path 
in V € = C. 



x- 



-1 1 

Figure 2: Vector field along the segment 
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-1,1] and corresponding path 



Let x G Vr. Then as(x) can be expressed as ag(i) = a • x + 6, where 
a 6 7 E * and b G R. Hence 

a/f(x + \/— If ) = a_ff(x) + v 7 — la • 

for x + ^ Vc. We have 

%(i + \/— lv) = <^=^> = and a • v = 0. 

This proves the following. 

Lemma 3.1.2 Lei A be a real arrangement. For x G Vr we define A x 
to be the set {H G A\H 3 x} of all hyperplanes containing x. Then the 
complexified complement is 

M(A) = {{x, v) c \x eV R , ve T X V R \ A x }. 
3.2 The Salvetti complex 

We recall some notions about the Salvetti complex, for details see [BLSWZJ. 

Definition 3.2.1 Let X G L(A) be an intersection of a real arrangement 
A. A connected component X° of X \ U H ^ X H is called a face of A. The 
set of all faces is denoted by C Define a partial order by 

I<y^I C F, for X, Y G C, 

where Y is the closure of Y in Vr. The ordered set (£, <) is called the face 
poset of A. 
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In this notation ch(^4) is the set of maximal elements in (C, <). 
Given a face Ig£ and a chamber C € ch, the chamber X o C satisfying 
the following conditions is uniquely determined (see [BHRJ for more on XoC). 

(1) X < X o C, and 

(2) If X is contained in a hyperplane H G A, then C and XoC are on the 
same side with respect to H . 

Definition 3.2.2 The poset (V(A), ^) is defined as follows: 

V(A) = {(X, C)eCx ch(A) \ X < C} 

(X u Ci) r< (X 2 , C 2 ) ^ X x > X 2 and X x o C 2 = d. 

Theorem 3.2.3 There exists a regular CW -complex X , called the Salvetti 
complex, such that the face poset F(X) of the complex X is isomorphic to 
V{A), and X is homotopy equivalent to M(^4). 

Example 3.2.4 We show some examples of low dimensional cells. 

(0-cell) In V(A), the 0-cells of X are corresponding to the (C,C) G V(A), 
C E ch(A). 

(1-cell) Two chambers C and C are adjacent if C D C' is contained in a hy- 
perplane and has nonempty interior in the hyperplane. The relative 
interior of C fl C' is called the wall separating C and C . Let C and 
C be adjacent chambers separated by a wall X. Then we have two 
1-cells, (X,C) and (X,C), which connect (C,C) and (C',C). (Figure 

ED 




Figure 3: 1-cells corresponding to (X, C) and (X, C) 



(2-cell) Let X G C be a face of codimension two with a chamber C\ > X. We 
have a 2-cell (X,Ci). (Figure i]) 
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c 5 

Figure 4: The 2-cell corresponding to (X,Ci) 

3.3 The Deligne groupoid and its representation 

In £0 we will discuss the chain complex with coefficients in a local system. 
For the purposes, the structure of the fundamental group 7i"i(M(y4.)) is partic- 
ularly important. The concept of "the Deligne groupoid" Gal(^4) for a real 
arrangement A, introduced by P. Deligne |Dej see also [Pa2j, and its repre- 
sentations are good tools for extracting information about the fundamental 
groups and local systems. 

A sequence Co, C\, . . . , C n of chambers is a gallery G of length n (from 
Co to C n ) if Cj and Ci+i are adjacent for i = 0, 1, . . . , n — 1. Any continuous 
path in U = Vr \ Uxe£ codimX>2 X which is transverse to any codimension 
one faces determines a gallery and every gallery arises in this way. Any two 
chambers can be connected by galleries. The distance between two chambers 
C and C is the length of a shortest gallery connecting them; equivalent ly, it 
is the number of hyperplanes separating C and C . A gallery is said to be 
geodesic, or minimal, if its length is equal to the distance between the initial 
and terminal chambers. 

Definition 3.3.1 [De] 

(1) Let G = (C , d, . . . , C m ) and G' = (C' ,C[, C' n ) be two galleries. If 
C m = Cq, define the composition of G and G' by GC := (Co, . . . , C m = 
o , o 1; . . . , U n ). 
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(2) Two galleries G and G' which have the same initial and terminal 
chambers are called equivalent, denoted by G ~ G', if there exists 
a sequence of galleries G = Go, G\, . . . , Gn = G' such that for each 
i — 0, . . . , N — 1, Gi and Gi + \ have expressions 

Gi = E\FE 2 
G l+ \ = E 1 F'E 2 , 

where F and F' are geodesic galleries connecting the same initial and 
terminal chambers. 

(3) Gal + (^4) is defined to be the category whose objects are chambers ch(.A) 
and morphisms are 

Hom Gal+ (C, C) = {Galleries from C to C'}/ ~ . 

Since a composition of galleries is compatible with ~, compositions of 
Hom Gal + is well-defined. 

(4) The Deligne groupoidis a category Gal(^4) with a functor Q : Gal + (.A) — 
Gal (y4) such that 

— Q(s) G HoniGai is an isomorphism for every s G Hom Gal +. 

— Any functor \I/ : Gal + — > C such that ^(s) is an isomorphism for 
all s G Hom Gal + factors uniquely through Q. 

See |Palj and [Pa2j more on the construction of Gal(^4). The Deligne 
groupoid Gal(v4) is, roughly, obtained from Gal + (.4.) by inverting all mor- 
phisms. If A is a simplicial arrangement, then the functor Q : Gal + (^4) — > 
Gal(^4) is faithful [Dej . However, it is worth noting that Q is not necessar- 
ily faithful; moreover Gal + is not cancellative. For example, consider the 
following two galleries 

G '.— C2C1C2C3C2 and G '.— C2C3C2C1C2 

in the arrangement illustrated in Figure HJ Obviously G and G' are not 
equivalent in Hom Gal +(C2, C2). But concatenations (CsC^G and (C^C^C 
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are equivalent, indeed, 



{C§C2)G = C5C2C1C2C3C2 

= C5C4C1C2C3C2 = (C 5C 4) (C4C1C '2(^3) (C3C 2) 

= {C^,Ci){C4 : C^QCz){C2 l C2) = (CSC4C7) (C7C6C3C2) 

= (C<r,CQCj)(CiCiCiC2) = {C^Cq){CqCiC4Ci){CiC2) 

— {C^Cq){CqC2,C2Ci){CiC2) = {C5CqCz){CzC2CiC2) 

— {C^,C2C^){C^C2CiC2) = (C5C2JG". 

Since (C5C2) is invertible in Gal(^4), G and G' determine the same element 
in Hom G£ a(C 2 ,C2). 

Let C,C G ch(A). It follows from the definition that any geodesic 
connecting C to C are equivalent to each other. So geodesies from C to 
C determine an equivalence class. We denote this equivalence class by 
P+{C,C') G Hom GaI (C,C'), and its inverse by P-(C',C) := P+(C,C')" 1 G 
Hom Gal (C',C). 

Example 3.3.2 In Figure H galleries (C 4 , C 3 , C 2 , Ci) and (C 4 , C 5 , C 6 , Cj) are 
geodesies. Hence they determine the same element P + (C^, C\) G Hom Ga i(C4, C\). 

Let ^ be a groupoid and x be an object. Then Hom e (x,x) is a group 
and called the vertex group at x. The vertex group of the Deligne groupoid 
Gal(^4) at a chamber is actually isomorphic to the fundamental group of the 
complexified complement M [A) [Pall IPa2] : 

HomePC, CO S7n(M(X)). 

Moreover we have, 

Theorem 3.3.3 Let X = X(A) be the Salvetti complex as in Theorem \3.2.3[ 
Let Q{X) be the groupoid whose objects are cells X and homomorphisms 
are the set of homotopy equivalence classes of paths between two 0-cells. Then 
Q(X(A)) is equivalent to the Deligne groupoid Ga\(A). 

Recall that a representation $ of a category C is a functor $ : C — > VectK 
from C to the category of K-vector spaces. $ is given by a vector space <3> x 
for each object x G C and a linear map $ p : § x — > Q y for each p G Home (2, y) 
such that $ PlP2 = $ Pl o $ P2 . 

Let ^ be a groupoid with a vertex group = Hom(a;, x). Then the cat- 
egory of representations Rep(^) of Q is equivalent to the category of group 
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representations Rep(G x ). Since the category of representations of the fun- 
damental group of a topological space is equivalent to that of local systems 
over the space, we have the following result. 

Propositon 3.3.4 Let A be a real arrangement. Then the following cate- 
gories are equivalent. 

• Rep(Gal(^4)) : the category of representations of the Deligne groupoid. 

• Rep(7Ti(M(^4))) : the category of representations of the fundamental 
group. 

• Loc(M(^4)) : the category of local systems. 

In §EJ we will use representations of the Deligne groupoid instead of local 
systems to compute the boundary maps for cellular chain complexes. The 
following operator will be needed for the purpose of describing the cellular 
boundary map. 

Let $ : Gal(^4.) — > VectR be a representation of the Deligne groupoid. 
Given two chambers C and C, we have two extreme morphisms P ± (C, C) : 
C — > C . Hence we have linear maps 



$(C"). 



C 





a 



o 



P'(C, C) 




Figure 5: P+(C,C) and P-(C,C) 



Definition 3.3.5 (The skein operator). 



A$(C, C) :— $p+(c,c) — ®p-(c,c)- 
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4 Morse theory on the complement 



Throughout this section, we investigate complex hyperplane arrangements 
which do not necessarily arise from real arrangements. 

4.1 The Lefschetz Theorem for hyperplane comple- 
ments 

In this section we give a proof of the Lefschetz theorem for M(^4) following 
Hamm and Le [HLJ. Although this is just a version of The Lefschetz Theo- 
rem for affine varieties, Morse theoretic arguments and constructions in this 
section will be needed in §4.31 

Let A = {Hi, . . . , H n } be an arrangement of hyperplanes in P^. Let a% 
be a linear form in C[z , Zi, . . . ,zi] defining Hi and Q denote the product 
aia 2 ■ ■ ■ a n of these linear forms. Let V(Q) be the union (JILi ^ °f hyper- 
planes and M(Q) = ¥ e — V(Q) denote the complement. There exists an 
obvious stratification T,(A) of the union as follows. Given an intersection 
X G L(A) of some hyperplanes in A, define 

S x := X - |J H. 
We have a partition {Sx}xeL(A) °f 

Lemma 4.1.1 For an arrangement A, the above stratification £(*4) = {Sx}xeL(A) 
is a good stratification at each point p G V = V(Q), i.e. there exist a neigh- 
borhood U 3 p and a holomorphic function h on U with V(h) =14(1 V(Q) 
satisfying the following Thorn's condition (ah): 

(ah) If Pi is a sequence of points in U — V(h) such that pi — ► p G Sx and 
T Pi V(h — h(pi)) converges to some hyperplane T, then T p Sx C T. 

The rest of this section is devoted to proving the following theorem ( [Ha[ 
[miDPTl[Ra2] l 

Theorem 4.1.2 (i) Let F = V(f) C be a hyperplane defined by a 
linear form f which is transverse to each stratum. Then M(Q) has the 
homotopy type of a space obtained from M(Q)(lF by attaching a certain 
number of l-dimensional cells. 
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(ii) Moreover the number of i- cells is the i-th Betti number 6^(M(Q)). 

(ii) is proved in §TJ The plan of the proof of (i) is to apply Morse theory to 
a function of the form 

2 

, for x G M{g), (7) 

where Ai, . . . , A„ G Z >0 are appropriately chosen positive integers and A = 
Ai H — • + A n . Note that (p is a well-defined different iable map from M(Q) to 
M>o which has the bottom F D M(Q) = <^ _1 (0). The reason for considering 
this function is that the critical points are well studied, in particular, critical 
points are known to be nondegenerate for generic Ai, . . . , \ n . It was con- 
jectured by Varchenko [Vaj . and proved by Orlik-Terao [OT2] and Silvotti 

m- 

Theorem 4.1.3 Let Abe a complex essential affine arrangement in with 
defining linear equations fi, . . . , f^, and put 

®X = fl 1 f2 2 ---fN N 

for A = (Ai,...,Ajv) G C . Then there exists a Zariski- closed algebraic 
proper subset Y ofC N , such that for A G C N — Y , $a has only finitely many 
critical points, all of which are nondegenerate and the number of critical 
points o/$ A is \x(M(A))\. 

In our situation, since 

$a = Al /A ° - = («i//r Ai • • • K//r\ 

there exist Ai,...,A n G Z >0 such that $ A has only nondegenerate critical 
points. Combining the above theorem with Proposition 12. 3. 2} the number of 
critical points is shown to be equal to the £-th Betti number bi(M(Q)) of the 
complement. From the next lemma, (f = |$a| also has only finitely many 
critical points all of which are nondegenerate critical points of Morse index 
t. 

Lemma 4.1.4 Let f and q : U — > C be holomorphic functions defined on a 
neighborhood U of G C n . We assume f(0),g(0) ^ 0. 



(p(x) 



Ai 

a, 



a: 
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(i) e U is a critical point of |f| 2 if and only if e U is a critical point 
off- 

(ii) In (i), G [/ is a nondegenerate critical point of\j\ 2 if and only ifO G £/ 
is a nondegenerate critical point of f. 

(iii) IfO EU is a nondegenerate critical point of\f\ 2 , then the Morse index 
is n. 

(iv) If df and dg are linearly independent over C at each point in U , then 
so are d|f| and d\$\. 

Proof. Since |f| 2 = f-f,|-|f| 2 = and 4|f| 2 = gf. Thus we have (i). 
Moreover the determinant of the Hessian matrix at e U is 



a 2 lfl 2 9 2 lfl 2 \ / d 2 f I 

dzidzj dzidzj I 1 , I dzidzj ' dzi dzj 

d 2 |f| 2 9 2 |f| 2 - aex g| 9f j2| f 



det 



(9zi (9zj dzidz 
d 2 f 



dzidzj 



(Here we use J^- = = 0. ) This proves (ii). 

After a linear change of coordinates, we may assume f is expressed as 

n 

f(z 1 ,...,z n ) = c(l + J2 z ' + 0(3)) 
1=1 

with c^O. Writing Zj = Xi + \J —\y^ we have 

n 

ff = |c| 2 (l + ^ 2 + ^ 2 )+0(3)) 



i=i 

n 



= |c| 2 (l + 2^(^- 2/ f) + 0(3)). 



i=i 



Consequently the Morse index of |f| 2 at is equal to n. 

(iv) is clear from rf(|f| 2 ) = (df)f + f(rff). □ 
Unfortunately, our Morse function ip = is not a proper function. 
Hence it is necessary to study the Morse theory for a nonproper Morse func- 
tion. This difficulty is directly related to the fact that has points of inde- 
terminacy: V(f, Q) = {/ = Q = 0} = V(Q) n F. To deal with the difficulty, 
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we have to remove a neighborhood of V(Q) H F for separating the zero loci 
and the poles of ip. The idea is to measure the distance from V\ := V(f, Q). 
Suppose p — [zq : ■ ■ ■ : zg] G P — V\, and define hy 1 (p) as follows 



h Vl (p) = 



\zo\ 


Ao _|_ 


z l\ 


Ao + h | 


ze\ 


Ao 




l/| A ° 


+ 







Then h Vl : (P* - V x ) -> M>o is a well-defined map. 

Lemma 4.1.5 Let M- 1 := {p G P — V\\ hy x {jp) < t}. For sufficiently large 
t ^> 0, hy (t) = dM- 1 is transverse to each stratum S G £ and to F. More- 
over (F e - V u (P* - Vi) n S) is diffeomorphic to (M<\ M <1 n S) as stratified 
manifolds. 




Figure 6: 

Proof. We first observe that hy x is defined on F e — V\ with values in R>o- It is 
clear that for a sequence {pi} C W* — V\ converging to a point p G Vi, we have 
^vi(Pi) — * °° as i ~ *• °°- Recall that any real polynomial function on a semi- 
algebraic set can have at most a finite number of critical values (see Milnor 
|Mi2l Cor. 2.8]). Since any restriction h Vl \ s to a stratum S G S has only 
finitely many critical values, we may choose t to be larger than any critical 
value. Suppose t L and t 2 (ti < £2) are sufficiently large. Then there exists 
an open neighborhood U of the compact set M'* 1 '* 2 ' := {p]t\ < hy 1 (p) < t 2 } 
such that the restriction of hy 1 to UnS has no critical points for any stratum 
SgE. 
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The gradient vector field — grad hy 1 does not preserve the stratification 
in general. We modify — grad hy 1 so that it preserves the stratification. Let 
p G U and S denote the stratum which contains p. Since p is not a critical 
point of hy 1 1 5, there exists a tangent vector v G T P S such that v ■ <p < 0. On 
a small neighborhood U p of p in U, not meeting any smaller stratum than S, 
we have a vector field v such that 

(i) v is tangent to each stratum £ fl C/ p , 

(ii) 5 • < 0. 

Note that since our strata are linear, we can take v as a constant vector field 
in a certain open set. 

Using a partition of unity, we have a vector field v on U satisfying the 
conditions (i) and (ii) above. Then v/INI defines a deformation retract of 
M <t2 onto M Ktl , which preserves the structure of stratification. □ 

Now we consider the function ip on M- 1 and the restriction to its bound- 
ary 9M-* = hy*(t). The following lemma plays a key role in the arguments 
below. The assumption that F is generic is used in the proof. 

Lemma 4.1.6 For sufficiently large t ^> 0, V 9 leM<*\(v(Q)uF) has no critical 
points. 

Proof. Let p G V± — V fl F and Sx G £ be the stratum containing p. Note 
that X G L(A) is the smallest intersection containing p, and it is, by defini- 
tion, transverse to F. We have coordinates (z\, . . . , ^) in a neighborhood [/ 
of p with the origin at p. The transversality of F to E allows us to assume 
that 

(1) F fl U is defined by a linear form ^ = 0. 

(2) ln[/ is defined by {^i = z 2 — • • • — z m — 0} with 1 < m < I. 

(3) Let Hi, . . . ,Hk be the set of all hyperplanes in A which contains p. 
Each Hi fl U is defined by a linear form of the form aiZi + • — h a m z m . 

For simplicity, set gi = a\ 1 ---a^ k and g 2 = z$°. The assumptions imply 
that d\gi\ and rf|<?2| are linearly independent at each point of U — (V(Q) UF). 
Now h Vl and ip are expressed as 
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1 + 1 


Z\ 




+ • 




f 


Zt\ 


Ao 




01 1 


+ 


02! 





\gi\ 



Now we prove that there exists a neighborhood U' of p such that d/ivi and 
dip are linearly independent at each point of U' — (V(Q) U F). 



d\gi\ + d\g 2 \ 




9i\ 


+ 


92 1 



dlog/ivi = - "I* 1 ! ' +dlog(l + N A °--- + k |A ° N 



,1 . d\gi\ 

dhgp = — : — - + - — -. (9) 

\92\ ml 

If U' is sufficiently small, then the last term of (jHJ) is sufficiently small. Com- 
pare the sign of coefficients of d\gi\ and d\g 2 \, we conclude that dh Vl and 
dip are linearly independent. Thus for any point p G F fl V"(Q), there 
exists a neighborhood {7 p in such that dy> and d/ivi are linearly in- 
dependent at each point of U p — (V(Q) U F). We choose finitely many 



points pi,...,pn G V(Q) n F with V(Q) fl F C (J2=i #w and set * 







swp{h Vl (p); p G P^ — Uii^J- Then for * > *o, ^Um^\(V(Q)uf) has no 
critical points. □ 
The transversality F rh DM- 1 is also shown by observing ([51) . Hence 
a small tubular neighborhood of Ffl DM- 1 in 9M-* is diffeomorphic to a 
disk bundle over F fl DM- 1 . Recall that the normal bundle of F in W c is 
Npi-pt = Of(1) and is trivial on an affine open set F — V(Q). Thus we have: 



Lemma 4.1.7 There exists a small neighborhood T of F in P^ suc/i that 

T n M-* = (F n M-') x D 2 (Diffeomorphic), (10) 
where D 2 = {(x, y) G M 2 ; x 2 + y 2 < 1} zs the unit disk. 

Now we return to the proof of Lefschetz's Theorem 14. 1.21 Fix a sufficiently 
large t > and set N = M- 1 fl M(Q). Consider the gradient vector field 
X = — grady?. X is not tangent to the boundary dN in general, so we comb 
the vector field in order to make it neat as in the proof of Lemma 14.1.51 
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Lemma 14.1.61 means that dip is not orthogonal to dN. Thus by an argument 
similar to that in the proof of Lemma 14.1.51 modifying X around dN, we 
have a vector field X on N which is tangent to dN. Moreover, there exists 
a vector field X which satisfies the following conditions (Fig. [7]): 

(a) There exists a neighborhood U of dN U (N H F) such that X = X = 
— gr&dip outside U and Crit(<^) PI U — 0, where Crit(y) is the set of 
critical points of <p in M(Q) — F. 

(b) X is tangent to dN. 

(c) X<p < on N - (F U Cri%)). 

(d) Under the diffeomorphism (TlOl) . the vector field <Y coincides with the 
negative vertical Euler vector field — Xjr- — y4-. 




Figure 7: Modified vector field 



We now complete the proof of Theorem 14.1.21 We consider X as the 
negative gradient vector field of a Morse function on iV and define 

N^ s :={peN; V (p)<s}, 

for s > 0. If there is no critical value in the interval [si, 8%], then the vector 
field X induces a retraction N- S2 ——>■ N- Sl . If there is only one critical point 
within the interval [s±, 8%], then the homotopy type of iV- S2 is obtained from 
that of iV- Sl by attaching an £-cell. This completes the proof of Lefschetz's 
hyperplane section theorem. □ 
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4.2 Stable and unstable manifolds 

Consider the flow of X: 

4> t : N — >N, t G R 
d 

— <p t {x) = X Mx) , O = id N . 

If p G N — F is a critical point of <p, we define the stable manifold W£ and 
unstable manifold W£ as 

W? = {x e N; lim 4> t (x) = p} 
W? = {x EN; lim <f) t (x) = p}. 

These are ^-dimensional (over R) submanifolds in N. Recall that the vector 
field X is said to satisfy the Morse-Smale condition if the stable and unstable 
manifolds intersect transversely. But in our case, since any critical point in 
N — F has the middle index £, it seems reasonable to define as follows. 

Definition 4.2.1 Let X be a vector field on iV as in the previous section, it 
is said to satisfy the Morse-Smale condition if there does not exist a flow line 
connecting distinct points in Grit (<£>). In other words, there does not exist 
x G N — (F U Crit (ip)) such that both lim^oo <f>t(x) and lim^-oo <f>t(x) are 
contained in Crit (<p). 

Recall that for a critical point p G Crit (</?), N- v ^ +€ is homotopy equiva- 
lent to N^^~ e U Wp (see pITl Thm. 3.2]) and that unstable manifolds are 
preserved by the action of <ft t - Hence under the Morse-Smale condition, the 
boundary of an unstable manifold should be attached to iV° C Ff]M(Q). 
Thus we have: 

Theorem 4.2.2 If X satisfies the Morse-Smale condition, then M(Q) is ho- 
motopy equivalent to 

(F c nM(Q))U |J Wp. 

p<=Crit(ip) 

Theorem 4.2.3 M(Q) -\J peClit{(p) W s v is diffeomorphic to (M(Q) nF c ) x D 2 . 
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Figure 8: Unstable manifolds 



Proof. Let T be a tubular neighborhood of Fq D M(Q) in M(Q) as in 
Lemma [4.1.7[ Since X is a complete vector field, 

(dTnN)xR — > AT - (F C U U peCritW % s ) 

(?,*) 1 — ► <t>M) 

defines a diffeomorphism. It is also diffeomorphic to (FcHN) x (D 2 — {(0, 0)}). 
The condition (d) on X allows us to complete the proof. □ 

4.3 Homotopy types of the unstable cells 

Next we characterize the homotopy types of unstable manifolds {W p ; p G 
Crit (<£>)}. The unstable manifold W£ corresponding to p G Crit(</?) can 
be considered as an attached cell. There exists a continuous map o p : 
(D\ dD 1 ) -> (M(Q), F n M(Q)) such that <x p (0) = p and a p induces a diffeo- 
morphism of int(D^) to Wp. We now assume that our manifolds are oriented. 
Observe that a p satisfies the following properties: 

(i) a p (0) = p and a p (B e ) n W s p = {p}. 

(ii) crp(D ) intersects W p at p transversally and positively. 

(iii) a p (dD e ) cfnM(Q). 
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(iv) If q G Crit(</?) \ {p} is another critical point, then a p (D e ) does not 
intersect W*. 

Note that (iv) is equivalent to the Morse-Smale condition (W p C\Wg = 0). Let 
us call these properties "set-theoretical duality" between cells {c r p} p ecrit(^) 
and stable manifolds {W p } pG crit(»- The main result of this section is to 
characterize the homotopy type of the map a p : (D e , <9D £ ) — > (N, N fl F) by 
set-theoretical duality for stable manifolds. 

Theorem 4.3.1 Suppose that a continuous map a' p : (D £ , <9D £ ) — > (A/ - , A" fl 
F) is differentiable in a neighborhood o/O 6 D' and satisfies conditions (i) 



through (iv) above. Then da p and da' : dD e —>■ N fl F are homotopic. In 
particular, 



M{A) and (M(A) fl F c ) U (8oi) ]J 

ypeCrit(</.) 

are homotopy equivalent. 

Proof. The idea of the proof is simple: flowing a' p via the gradient flow t , 
then 0( o (jp converges to cr p as £ — ► oo. 

From (i), we have cr' p (0) = a p (0) = p and the image o~' p (D l ) is transverse 
to W*. Note that T p F e c = T p W^ © TpW*. And the projection T p F e -> 
TpIVp induces an orientation preserving isomorphism T p <7p(D^) = T p Wp. 
By modifying cr^ up to homotopy, we have a p satisfying (i) • • • (iv) and the 
following properties: 



o~ p {x) if \\x\ | < e 
;(x) if 2e < ... 



) a'(.r) if 2r < l.rl < I 



where 1 1 1 1 — OC i + • • •+ rr 2 and e is a sufficiently small positive number. Take 
a tubular neighborhood T of Ffl A" such that T = (FnN) x D 2 as in Lemma 
r4"XTl Denote by vr : T = (F H AT) x D 2 -> F H AT the projection. Consider 
4>t ° cTp- If t is sufficiently large then we may assume that 4>t ° Gpiz) G T" 
for e < ||a;|| < 1. By definition, {tx o (p t o a'')\\\ x \\= e is equal to da p = a p \Q D t as 
maps S — > F fl A/", more precisely, for x G <9D^, (7r o t o cr'')(ex) = <9<7 p (x). 
Since (tc o <p t o (Tp)||| x || = i = <9<Tp, /i r (x) := n o t o o"p(r ■ sc) for e < r < 1 defines 
a homotopy between do p and <9(Xp. □ 
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5 Construction of the cells 



5.1 Stable manifolds for real arrangements 

The Lefschetz Theorem (I4.1.2P asserts that M(Q) has the homotopy type of 
a space obtained from M(Q) fl Fq by attaching some £-cells. The homotopy 
types of the attached cells are characterized by Theorem 14.3.11 under the 
Morse-Smale condition. In the remainder of this paper, we investigate the 
complexified real case, i.e., where each hyperplane H £ A is defined by a 
linear equation with real coefficients. Let us briefly recall the set-up. 

Let A = {Hi, . . . , H n , -f/oo} be an essential hyperplane arrangement in 
F c , and «j be the defining linear form of Hi which is assumed to have 
real coefficients. Let F = {/ = 0} be a generic hyperplane defined by a 
real linear form /. From Theorem 14.1.31 there exist positive even integers 
A , Ai, . . . , A n , Aoo G 2Z >0 such that A = Ai + A 2 H h A n + Aoo and 

/ A ° 

(fi = — T 

Qi 1 • ■ • a^ n (y^°° 

has only nondegenerate isolated critical points. 

The space F^ — H^ is isomorphic to the affine space C . We also denote by 
A the induced affine arrangement {Hi, . . . , H n } in C and by aii the defining 
equation (deg = 1, with real coefficients) of Hi. Let ch(^4) be the set of all 
chambers of ^4flM^ and chf (A) be the set of all chambers which do not meet 
Fir. Denote by M(^4) the complexified complement C e — UILi 

Let C E chf{A). Then tp\c is a positive real valued function and it 
has poles along the boundary dC . Hence, for each C, <p\c has at least one 
critical point pc £ int(C) in the relative interior of C. Then it follows from 
the Cauchy-Riemann equation that pc G M(^4) is indeed a critical point of 
the function <p : M(^4) — > C. Thus we obtain |chf («4.)| many critical points. 
From the assumption, ip has only nondegenerate isolated critical points, the 
number of which is the Euler characteristic |x(M(»A) — F c )| = be(M(A)) (see 
Proposition I2.3.2H . 

Propositon 5.1.1 For each chamber C G ch^(^4) which does not meet F^, 
there exists only one critical point pc G C of ip in C . Conversely, any critical 
point is obtained in this way. 

In other words, the set of critical points Crit(y) is parametrized by ch^(^4). 
Moreover, since \<p(zi, . . . , Zi)\ = \<p(zi, ■ ■ ■ , zg)\, the gradient vector field 
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— grad 1 99 1 is invariant under complex conjugation. Thus we have the fol- 
lowing: 

Theorem 5.1.2 The stable manifold of the critical point pc corresponding 
to a chamber C G chf (A) is W° c = C cM(A). 

In particular, the closure of a chamber C G chf (A) contains only one critical 
point pc- Thus we have the following result. 

Corollary 5.1.3 The function if satisfies the Morse-Smale condition. 

Let C G chf (A) and pc G C the corresponding critical point. We de- 
note the attaching map of the unstable manifold by oc '■ (D , dD e ) — > 

(M(A),M(A)nF c ). Since H e (M(A),C) H t (M(A), M(A) D F c ; C) is an 
isomorphism, [o"c] can be considered as an element of i^(M(»A), C). More- 
over {[crc]}c£cM.A) f° rms a basis of He(M(A),C). By Poincare duality we 
have the following result. 

Corollary 5.1.4 {[C]}cech<:(.A) C (M(^4),C) forms a basis, and under 
suitable orientations, it is the dual basis of {[&c\}cech e {A) ■ 

Combining Theorem 15.1.21 with Theorem 14.2.31 we easily prove the fol- 
lowing result which is well known for i = 1 (Example I5.1.6p . 

Corollary 5.1.5 M(^4) \ Ucech £ (^) @ is diffeomorphic to (F c — A) x D 2 . 

Example 5.1.6 Assume I — 1. Let {a%, 02, ... , a n } C M be an arrangement 
in R (we assume aj < • • • < a„). Take a generic hyperplane (in this case, just 
a point) Fel such that ai < F < a i+1 . Then the set of chambers which do 
not meet F is 

chi(A) = {(-00, ax), ... , (ai_i, a*), (a m , a i+2 ), • • • , (a n , 00)}. 

Hence 

M(X)\ |J C = C-([-oo,a t )U[a m ,oo)), 
cech £ (yi) 

which is diffeomorphic to D 2 . 
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5.2 Construction of the Cells 

Our next task is to construct the cells in M (A) explicitly. More precisely, for 
a chamber C £ chf(A) with C fl Fr = and fixed p € C, we construct a 
continuous map oq '■ (D*, <9D £ ) — ► (M(^4), M(^4) fl Fq) which is differentiable 
in a neighborhood of G D £ , such that (recall the conditions in §4.3p 

(i) (7^(0) = p, ac(D e ) flC = {p} and <j c (X> e ) intersects C transversally. 

(ii) a c (dD e ) C M(A)f]F c . 

(iii) If C 6 chf (.4) is another chamber, then cr c (D^) n C" = 0. 

Let us choose coordinates (xi,X2, ■ ■ ■ , xg) such that F is defined by {xg = 0} 
and pis (0,0,...,0,1). Recall that L l ~ l (A) is the set of all one-dimensional 
intersections of A. We can find a wide cylinder of height 1 which ties up affine 
lines L l ~ l (A). More precisely, since F is generic, each line X £ Z/ _1 (.4.) 
intersects transversely. Hence 

(x u ...,xt-i,x t ) ex e L e -\A),0< x e < l} 

is finite. Consider the cylinder 

Cyl(F) = {(x 1 ,...,x t )e R e \xl + ■■■ + x\_ x = R 2 , < x t < 1} 

of radius F and height 1. The cylinder Cyl(F) is diffeomorphic to S (1) x 
[0, 1] under the map 

S*-*(l) x [0,1] — > Cyl(F) 



R = 2 sup <^ Jxf + 



■ + xj_ 



(x',t) i — > (Rx',t), 

where a;' = (xi, . . . , a^_i) G S £_2 (l) = {(si, . . . , a;^_i); x 2 + h x 2 ^ = 1}. 

The boundary dCjl(R) of Cyl(F) is the disjoint union of two spheres So and 
Si, where S t is a horizontal (£ — 1) -dimensional sphere of radius R 



S t = {(xi, . . . , Xf)\x\ H h = R 2 ,xe = t} y 

D t = {(x 1 ,...,x e )\x 2 1 + --- + x 2 e _ 1 <R 2 ,x £ = t}. 



St fl A determines a hypersphere arrangement on St for < t < 1. Note 
that the combinatorial type of this arrangement is independent of i. 
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Figure 9: The cylinder 



Since every H G A contains at least one affine line X G L^ _1 (^4) and 
X intersects both Dq and Di, there exists a non-horizontal tangent vector 
V q G T ? (Cyl(i2) fl H) at each g G Cyl(i?) fl H . Using a partition of unity, we 
have a vector field V on Cyl(i?) of the form 

* i=i * 

which is tangent to each hypercylinder Cyl(i?) fl H . Now consider the one- 
parameter flow generated by V. The flow determines a diffeomorphism r\ t : 
,S^ 2 (i) -> ^~ 2 (1) such that r] (x') = x' and 

j t {R-r] t {x'),t) = V (RMx/)ith 
for < t < 1 and x' G 5 (1). This determines a diffeomorphism ^ : 

(S ,S nA)^(S t ,S t nA). 

Let t : Si — > Si be the involution t : (xi, . . . , x^_i, 1) i— > (— Xi, . . . , —xg-i, 1) 
and define I = 7yf 1 o t o ^ : So — > So- The next lemma follows immediately 
from the construction. 



Lemma 5.2.1 Suppose q G SoHH with H E A, then the vectors ql(q), qf> G 
T 9 Vk are on £/ie same side with respect to the hyperplane H C T 9 Vr. TTie 
same ao/ds /or I(q)q, I(q)p G T/( 9 )Vr wnen 7(g) G So fl H . 



29 



Before defining a c : (D £ ,<9D £ ) -> (M(^4), M(.A) n F R ), we decompose the 
disk D e into four pieces. Denote the latitude of v G D £ by 0, i.e., t> = 
(x' cos 6 1 , | | sin 9), where x' = (x%, . . . , xe-i) with x\ + ■ ■ ■ + xj_ 1 < 1. Fix 
< # < 7r/2 so that tan# = ^. 

(1) (The core): A x = {v G < ±}. 

(2) (The northern hemisphere): A 2 = {i> G | < ||u|| < 1, > #o }■ 

(3) (The southern hemisphere): v4 3 = |t> G | < ||u|| < 1,9 < — 9 }. 

(4) (The low latitudes): A A = {v G D e |± < \\v\ | < 1, -9 < 9 < 9 }. 




Figure 10: Decomposition of D 

Given v = (x'cos9, \\x'\\ sm9) G B e with 1/2 < < 1 and 9 ^ 0, let 
us define £(t>) G VJr by 

£(«):= f^lMI- 1 )^-^ 2-2||x'||). (12) 
\ sm9 \\x'\\ J 

We also give an alternative description of £(t> ). Straightforward computation 
shows that the line p + t ■ v (t G M.) intersects the hyperplane Fr at q = 
(— x'/(\ \x'\ I tan#), 0). The point £(v) above divide the segment pq internally 
by the ratio pi{v) : i(v)q = {\\x'\ \ — \) : (1 — 

We will define Oi : — ► M(^4), z = 1,...,4, separately. We use the 
notation in §3.11 ([6]) to express points in the complexified space Vq- 

(1) cri(u) = (p,v)c = P + \f^lv G Vfc. 

(2) cr 2 (v) = (£(v),v)c for f G A 2 . The point o"2(f) is indeed contained 
in M(^4) because every straight line passing through p intersects each 
hyperplane H G A transversely. 
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(3) a 3 (v) = (£(v),v)c for v G A 3 . 

The definition of er 4 on the low latitudes A 4 is somewhat complicated. 
Let us define an annulus T by 

T = {x' = {x 1 ,...,x^ 1 ); 1/2 < \\x'\\ < 1}. 

Then the low latitudes A 4 can be expressed as 

A A = {(x'cose,\\x'\\ane) G D £ | x eT,-6 Q <6< 6 }. 

We extend rj t and / : S e - 2 (1) -> ,S^ 2 (1) to T by 

r) t (x') := \\x'\\-r) t (^^J , 

I(x') := rj^i-rj^x')) 

for x' & T . Now define 

7 : Tx[0,l] ^ A 4 

(x',t) i — ► (-r]t 1 (-r] t {x'))cos{2t-l)e ,\\x'\\sm{2t-l)e ). 

Since ?7 t : T — > T is a diffeomorphism, so is 7. Define 04 (7 (a;', t)) G Vc = TVr 
by 

a 4 ( 7 (x', f)) = ((1 - t^x', 0)) + tC(l(x', l)),x' - 7(x')) c . (13) 

Lemma 5.2.2 We have 04(7 (a;', £)) G M(y4.). WTien ||a/|| = 1, cr 4 (7(a: / , t)) is 
contained in Fc, but is not contained in Fr. 

Proof. The second part is obvious. Indeed, since x' — I(x') is a nonzero 
horizontal vector, it is contained in TFr when \\x'\\ = 1. 

Next we prove 0-4(7(3/, £)) G M(y4) for (x',t) G T x [0,1]. By definition, 
we have 

« 7(l ',0))=((2| M |-l )M ^-,2-2|M|) 6 V R , 

«^,1„. (,2,M|-l)^j^,2-2|M|) 6*. 

for a;' G T. Hence the tangent vector x' — I(x') G T q V^ with g = (1 — 
*)e(7(^, 0)) + t^(x\ 1)), is parallel to £( 7 (a:', 0)) - ^(x\ 1)). In order 
to prove this lemma, it suffices to prove that the line segment connecting 
£(7(V,0)) and £(7(0/, 1)) is not contained in any hyperplane H G A. So it 
suffices to prove the next lemma. 
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Lemma 5.2.3 J/£(7(V, 0)) (resp. £(7(2;', 1))^ contained in a hyperplane 
H e A, then £(7(2;', 1)) (Vesp. £(7(2;', 0))j and p lie on the same side with 
respect to H. 

Proof. Suppose £(7(2;', 0)) is contained in a hyperplane H e A. Choose a 
defining equation an of H such that a#(p) > 0. We prove 

a H (^(x',l)))>0. (14) 

Let us put q = (x7(||x'|| tan0 o ),O) = (Rx'/\\x'\\, 0) G F R . Since £(7(2:', 0)) 
divides the segment pg internally, we have an{q) < 0. By the definition of 
T] t , (Rr] t (x'/\\x'\\),t) G V R (0 < t < 1) is a flow which is tangent to HnCyl R . 
Hence aH(Rr)t(x' /\ \x'\ |), t) < for all < t < 1. In particular, we have 
aiH(Rr]i(x' /\ \x'\ |), 1) < 0. Since p is the midpoint of (Rrji(x'/\ \x'\ |), 1) and 
(— i?r/i(x'/| |), 1), we have -Rr/^x'/l |), 1) > 0. Similarly, using the 
flow 7ft, we verify a//(-Rr/f : (— r/^x'/l |), 0)) > 0. £(7(2:', 1)) divides the 
segment connecting p and (i?r/ 1 _1 (— r]i(x'/\ \x'\ |)), 0) internally, thus we have 

(HI- 

Similarly, if a^(£(7(a;', 1))) = 0, then we have a#(o"(7(x', 0))) > 0. □ 
Now we are ready to construct the cell o~c '■ (D^, <9D £ ) — > (M(^4),Fc H 

M(y4.)). By definition, we have criUjnAa = ^UinAa and (Ji\ Al nA 3 = o- 3 \ Al nA 3 - 

Hence we have a continuous map 

ai 2 3 : A x U A 2 U A 3 — ► M(A). 

Unfortunately, (J123 and 04 do not coincide on their boundaries. However, we 
can paste the pieces together. Indeed, given a point v = (2/ cos #0, | | sin #0) £ 
A 2 nA4, both <T2(f ) and 04(1; ) can be considered as elements in T^(„) Vr. Under 
the natural identification T^Vr = Vr, we have 

a 2 (v) = v 

a 4 (v) =x' -I(x'). 

Recall that v and x' — I(x') are positive multiples of p — £(-u) = £(f)p and 
£(7(0/, 0)) — £(7(2;', 1)) respectively. Even if £(t>) is contained in some H E A, 
o~2 (v) and a±{v) G T^Vr = Mr are on the same side with respect to a 
hyperplane H C Vr from Lemma [5.2.31 We can continuously connect them 
by 

7T 

cr 2 (v) cosp + cr 4 (v) sinp, < p < — , 
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thus we have a continuous map 0"i 23 4 : D e — > M(A) which satisfies (i) and 
(iii). To glue the boundary dD e to Fc, we apply the following lemma. Let 

us set 

Cyl^s := {(^l) • ■ • , xe)\xl H h arjLx < i? 2 , -£ < xg < e} 

and 

Cy^.o := ■■■,xi)\x\-\ h x\_ x < R 2 , xi = 0}. 

Lemma 5.2.4 For sufficiently small e > 0, (Cy\ Re , Cyl R£ C\A) is diffeomor- 
phic to (Gyl^Q, Gy\ Rfi n^)x [s,e]. 

Denote the composite map Cylp e — > Gyl R x [— £, e] — > Cyl_R,o by Pri. Then, 
for d G <9D £ , 

7T 

cr(ti) cosp + Pri(a(t>)) sinp, < p < — (15) 

connects a(f ) to Pri(cr(t> )) G T^F-^. Thus we have a map o~c '■ (D £ , 9D^) — > 
(M(^4), M(*4) PlFc) which satisfies (i), (ii) and (iii). This completes the 
construction of the cell. 

Example 5.2.5 We illustrate the above construction for 1 = 1. Let us 
consider an arrangement A = {Li, L 2 } of two lines and a generic line F, 

Li : y = x + ^ 

L 2 : y = -x + - 
F : y = 0. 

In this case, D 2 is decomposed by the At as in Figure [TU1 The map Oi : Ai — > 
M(A) {i = 1,2,3,4) is illustrated in Figure dU 



6 Twisted minimal chain complexes 

The explicit construction in the previous section enables us to find an pre- 
sentation of the cellular chain complex associated with the minimal CW 
decomposition with coefficients in a local system. We demonstrate this point 
in this section. 
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Figure 11: a t : A* -> M(A) 
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6.1 Flags and orientations 



In order to compute the boundary map of a cellular chain complex, we have 
to choose an orientation for each cell. First we recall some basic notation 
and terminology. 

Let X be a differentiable manifold of dimjj = n with boundary dX. Each 
orientation for X determines an orientation for dX as follows: Given x G dX 
choose a positively oriented basis (vi, i>2, . . . , v n ) for T X X in such a way that 
t>2,...,t> n G T x (dX) and that V\ is an outward vector. Then (t> 2 , . . . , t> n ) 
determines an orientation on dX. 

Let X, Y and Z be oriented differentiable manifolds without boundary. 
Further assume X is compact, Z is a closed submanifold of F, and dimX + 
dimZ = dimF. Let / : X — > F be differentiable map transversal to Z, i.e., 



holds at each point x such that y = f(x) E Z. Then is a closed 

zero-dimensional submanifold of X, hence a finite set. Let x G f~ x (Z) and 
choose positively oriented bases w = (wi, . . . ,u m ) and v = (v±, . . . ,v n ) for 
T X X and Tfr x \Z, respectively. Under this assumption, we can define a local 
intersection number I x (f, Z) for each x G j~ x {Z) as follows: 



be a complete flag of affine subspaces. 

Definition 6.1.1 An oriented flag is a flag J 7 in V equipped with an orien- 
tation for each JF 1 , % — 1, . . . , £. 

A given point JF° g V and a basis i>i , . . . , V£ of V determine an oriented flag. 
Indeed, by defining 



(df x )(T x X)+T y Z = T y Y 




1 

-1 



if (f*u,v) is positive for Tf^Y 
if (f*u,v) is negative for Ty^F. 



(16) 



And we also define /(/, Z) := ^ xef -i {z) I x (f, Z). 

Let V = M. e be a real ^-dimensional vector space and 



J= : = jr-i c jro c jri c . . . c ^ = y 



k 



i=l 
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(vi, . . . ,Vk) determines an orientation of jF fc . Conversely, any oriented flag 
can be obtained in this way. Define positive and negative half subspaces, J 7 * 
and JF^, by 

J*=J*- 1 +R >0 V k 

T k _ = P"- 1 + R <0 v k , 

respectively. Next we define signature of a chamber; a map sign : ch fe („4) — > 
{ill- 
Definition 6.1.2 For C e ch k (A), 

. , . / l if^ fc ncc^ 
Slgn(c) = \-i if^nCcA (17) 

Definition 6.1.3 Let v\, . . . : ve be a basis of Vr. We fix an orientation of 

V c by 

(vi,...,^,v /z T^i,...,^ z T^). (18) 

Note that this orientation differs by a multiplication of (— l)^ -1 )/ 2 from the 
canonical orientation defined by the complex structure Vc = C e . 



6.2 Local systems and chambers 

Recall that a c : (D e , S^ 1 ) -> (M(.A), M(^4) n F c ) is the cell corresponding to 
the chamber C G chf(A). We can choose an orientation of a c so that the 
intersection number satisfies 

[C] ■ [a c ] = 1. (19) 

Let $ : Gal(^4) — > Vectc be a representation of the Deligne groupoid and 
be the associated local system. Since C is a connected and simply connected 
subset of M(A), the space of flat sections £$(C) is a finite dimensional vector 
space, and we have a natural isomorphism 

$(C) = £$(C). 

From the fact that M^) is homotopy equivalent to a space obtained from 
M(A) fl F c by attaching £-cells {<j c ;C G ch^(.A)}, we have also a natural 
isomorphism 

H e (M(A),M(A)nF c ;C (S> )^ $(C) ® C[a c ], (20) 

cech £ (^) 

where C[ac] is a one-dimensional vector space spanned by [<Jc\- 
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Definition 6.2.1 Let A, T° and $ as above. Define 

C k :=C k (A, $(C)®C[<7 ]. (21) 

cechf(^) 

From the general theory of cellular chain complexes, there exists a chain 
boundary map <9$ : C k — > C k -\ such that 

H k (C.,d*)<*H k (M(A),£*)- 

We will give an formula for <9$ : C, — > 

Let £ be a local system on M(^4). Let X be an oriented compact £- 
dimensional C°°-manifold with boundary dX, possibly dX = 0, and 

f:{X,dX) -^(M{A),M(A)nF c ) 

be a smooth map. We denote by /*£ the pull back of £ by /. Fix x G X and 
suppose S C M(A) is a connected and simply connected subset containing 
f(x). Then there exists a natural isomorphism 

f x>s :(rC)(x)^£(S). 

Given a section a G (f*C)(X) we have a morphism from the constant sheaf 
Cx to /*£ defined by t i — >■ t • a, and it induces a homomorphism 

a ® • : #^(X, <9X; C) — ► i^(X, <9X; /*£). 

Denote the image of the fundamental class [X] G Hi(X, dX; C) by a ® [X] G 
H t (X, dX- /*£). Hence we have ® [X]) G H e (M(A), M(A) n F c ; £). 

Next we express /*(a ® [X]) by using the decomposition (1201) . Recall 
Q5JSD that {[C]}c6ch 4 M) C i7^(M(.A),C) is the dual basis to {[o- c ]} Cech , ( ^ } C 
i^(M(U),C), i.e., for d,C 2 G chf(^) 

[Ci]-[a C2 ] = { J 
Thus we have the following lemma. 

Lemma 6.2.2 Assume that / _1 (C) is a finite set for each C G c\\z(A). 
Given a section a G (/*£)(X) ; <g> [X]) G £fc(M(.A), M(A) D F c ; £) 
expressed as 

/.(a®[X]) = (-l)< E 4(/,C)/ IlC (a)®M. 

cechf(^) xe/-i(c) 
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6.3 The degree map 

For the purpose of describing the boundary map of the chain complex (j2ip . 
we employ here an additional map, the degree map 



defined below. For simplicity, we shall consider only the case k = £ and write 
T l - X = F. 

Let C G dnf(A) and C G chf^A). Recall (gO (HD) that D is an 
(£ — l)-dimensional large disk in F K such that C fl F K G ch(^4 fl F K ) is a 
bounded chamber if and only if C fl Fr C Fo- 

Definition 6.3.1 



In particular, V(C) is equal to C fl Fr if C" fl Fr is a bounded chamber. 
The set V(C) is, in any case, a convex closed subset of Fr with piecewise 
smooth boundary &P(C). Next we consider vector fields on &P(C) tangent 
to F R . 

Definition 6.3.2 Let U E T(dV(C), TF R \ mC ')) be a vector field on dV(C) 
tangent to F R . Then U is said to be directing to C G chf(A) if for any point 
x G dP{C') and hyperplane H e A with x G H, U (x) ^ T x if (in particular, 
7^ 0) and U(x) and C are in the same half-space with respect to H . 
Moreover if x G Sq = dD , then U(x) is assumed to be an inward vector. 

Now we define the degree map as the degree of a certain Gauss map. 

Definition 6.3.3 Let C G ch£(A) and C G chf^A). Let U be a vector 
field on dV(C) directing to C . Then 



We need to prove the existence of a vector field U G T(dV(C), TF^\sv(c')) 
directing to C and that deg(C, C) does not depend on the choice of U. From 
the genericity of F, there exists a tubular neighborhood T C Vr of F K in Vr 
with a diffeomorphism (see also Lemma I5.2.4P 

r : (T; A n T, Cy\ R:£ nT)^ (F K ; A H F R , 5 ) X (-1, 1). 
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deg : ch£(A) x chj^GA) 



p(C') := C n -D, 




Fix a point peC. Then for x G dV(C), the vector xf> G T x Vr is obviously in 
the same half-space as C is for any H G A which contains x. The projection 
of this tangent vectors to satisfies the condition, more precisely, 

^-(Pnorj^eTA (22) 

determines a vector field on dV(C) tangent to directing to C, where Pr x 
is the first projection. 

Suppose U and U' are vector fields directing to C. Let x G dV(C). 
Consider the set A x of all hyperplanes in A containing x. Then both U (x) 
and U'(x) G T x Fr are contained in the same chamber of A x which is also 
contains C. Hence (1 — t)U + tU' (0 < t < 1) is a continuous family of vector 
fields directing to C, and the maps U/\U\ and C/V|C/'| : &P(C) -> S £ ~ 2 are 
homotopic. Thus the degree deg(C, C") is well-defined. 

6.4 The boundary map 

Recall that an arrangement A with an oriented generic flag T = T* and 
a representation $ : Gal(^4) — > Vectc of the Deligne groupoid determine a 
chain complex (C.,<9$) defined by 

C k :=C k (A,F,$)= $(C)®C[(7 C ] 

such that H k (C., <9$) = iffc(M(.A), £$). In this section we describe the bound- 
ary map <9<j> by using the degree map. 

Theorem 6.4.1 <9$ : C k — > Cfc-i expressed as follows: 

d^a ® [ct c ]) = - sign(C) x ]T deg(C, C')A*(C, C'){a) ® [a c ,]. 

cechf_ x (^) 

fFor A*(C, C"), see Definition \MJ% ) 

Proof. We consider only the case where k = £. Recall that D f = 
{t> G IR £ ;||f|| < 1} and that the cell attaching map ac ■ (D e ,dD e ) — ► 
(M(^4), M(^4) fl JF^ -1 ) was constructed in §5.21 The pull back a c Cq> is canoni- 
cally isomorphic to the trivial local system $(C). Since a c C^\ 9D i = (<9<7c)*£$, 
we have 

a ® [dD*] G Ht-xfiB 1 , (da G )*U). 
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So we have to investigate the element 

a c *{a® [dD e ]) G H t -i{M{A) n T l ~ x , M(A) n -T 7 ^ 2 ; £$) 

^ = e c ^ l( ^(c)®cM. 

Here we recall some properties of the attaching map dac '■ dD e — > M(A.) D 
^-1 Fi rs t <9D £ is divided into three parts A' { := A, fl dD e , i — 2,3, 4 (see 
§5.21 for the definitions of Ai, . . . , A 4 ) more precisely, 

(2) A> 2 :={veD e ;\\v\\ = l,9>9 }, 

(3) A3 := {v G D £ ; ||v|| = 1,9 < -9 Q }, 

(4) A^:={*;GD £ ;|M| = 1,-9, <9<9 }, 

where 9 is the latitude of v, namely, v = (xi, . . . ,xi) = (x' cos 9, \ \x'\ \ sin#), 
and 9 is a small fixed latitude. Write (dac)% '■= (dcrc)\A'- : A- — > F c . 
In view of Lemma I6.2.2[ we have to count intersections of the map 

{d<7 C ) ■■ A' 2 U A' 3 U A 4 ^ r e c - 1 (23) 

with C n T 1 ^ 1 for C G chf^A). 

It follows from Lemma [5X1 that (da c )i '■ A 4 — ► M(A) H J^" 1 does not 
intersect C" fl -T^" 1 for any chamber C G ch^L-^A.). 

Suppose v G A' 2 . Recall that by the definition (|T2"|) of £, £(t>) G is 
the point such that the vector £(v)p is proportional to v. And it is obvious 
that the map £4' : A' 2 — > -Do : u ^ is a diffeomorphism. The orientation 
on A 2 is determined by ffl9l) . £4/ is orientation preserving (resp. reversing) 
if sign(C) = 1 (resp. sign(C) = —1). (<9cc) 2 (f) can be expressed as 

(dac) 2 (v) = U T (£(v)) G T av) F R . 

The vector field U T is not zero on (AHDq) USq- Up to small perturbation, we 
may assume that the zero locus of U T consists of a finite number of points. 
Intersections of (<9a c ) 2 with V(C) C M(A) n T^ 1 can be thought of as 
the set of singular points of the vector field U T . Hence the sum of local 
intersection numbers is equal to the degree of the map from the boundary 
&P(C) to the sphere S e ~ 2 . Thus we have 

I((dach,V(C')) = (-l^sign^degtCC). 
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Similarly, 

(d<rch(v) = -U r (£(v)) G T e(u) F R , 

and we have 

I((da c ) 3 ,V(C')) = (-l) £ sign(C) deg(C,C"). 

By the definition of (<t c ) 2 : A 2 -> M(.A), (<9a c ) 2 * : $(C) -> (9a c )^(C") 
$(C") is equal to 

$p-(c,c) = *(CQ — $(C). 
Similarly, (<9cxc)3* : $(C) — > $(C") is equal to 

: $(C) > $(C"). 

The proof is then completed by employing Lemma 16.2.21 □ 
6.5 Examples 

Let A = {Hi, ... , H n } be a hyperplane arrangement in IR £ . Fix a nonzero 
complex number g, G C* for each % = 1, . . . , n. Then we can define a repre- 
sentation $ of Gal(.A) as follows. First we put 

$(C) = C[a c ] 

for each C G ch(A). Given two chambers (7,(7' G ch(^4), suppose that 
. . • , Hi k } is the set of all hyperplanes separating C and C . Then define 

$p+(c,c) : $(C) — ► $(C"), [<t c ] i — ► g n g i2 ■ ■■q ik Wc]- 

By the definition of Gal(^4) (13.3.11 (4)) $ determines a representation $ : 
Gal(^4) — ► Vectc, hence a rank one local system £$, such that the local 
monodromy around ifj is gf. Conversely any rank one local system can be 
obtained in this way. 

Let us consider an arrangement of three lines A (Fig. [T2"l) with a generic 
flag JF° c T x C T 2 = Vr oriented by (i^, i> 2 ) and 

chft.*) = {C } 
chf(.4) = {Ci,C 2 ,C 3 } 
chf(^) = {C 4 ,C 5 ,C 6 }. 
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Figure 12: Three lines with flags and a vector field directing to Cq 



A vector field directing to Cq is also drawn in Figure [T2j 

Define the chain complex Ck as in $6l The boundary map <9$ : C 2 — > Ci 
is, for example, 

3 

d[(J 6 ] = -^deg(C 6 ,a)A $ (C 6 ,Q)H 
i=i 



Similarly, 



d[a A \ = (q 2 - q^Wi] + (?i - ffi" 1 )!^]- 
9 : Ci — >■ Co is calculated as 

<9N \ / -te-gr 1 ) \ 

9[<T 2 ] =1 Q2-Q2 1 Wo]- 

dWs] J \ <?2<?3 - q 2 1( l3 1 J 

Then direct computations show that the local system is resonant, i.e. Hi(C,, d) 7^ 
0, if and only if q\ = q\ = q% = 1. 
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If we move the hyperplane H 2 so that the chamber C4 collapses, we obtain 
another arrangement A. In this case C2OA) is generated by [0-5] and [ag]. 
Hence the local system is resonant exactly when d[a^\ and d[<j§\ are linearly 
dependent, or equivalently, (q^cLz) 2 — 1- 

7 Appendix 

From attaching maps for i = 2, we obtain a presentation for the fundamental 
group m(M(A)). 

Let A = {Hi, . . . , if n } be a line arrangement in V = M 2 . Let JF° c JF 1 = 
F C V be an oriented generic flag. Note that is an oriented line. We may 
assume that the chambers are ordered as 



and that the ordering C\, . . . ,C n goes along with the orientation, that is, 
the intervals C\ fl F®_, . . . , C n D -Fjr are ordered from a negative place to a 
positive place with respect to the orientation for F®.. The corresponding 
1-cells {7j = <JCi}i=i,...,n are illustrated in Figure [TBI 



Each chamber C E ch 2 („4) is corresponding to a 2-cell oc- Thus the 
boundary dao, which is a word of generators {7«}, gives a relation in the 



cK(A) 
ch((A) 
chf(A) 




Ci 




Figure 13: 1-cells in F R ® C 
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fundamental group. The relation is 

R(C) := iTlT ■■■l e n 7r ei 7 2 - 62 " " " In £n = 1, 

where 

e t = deg(C,Ci). 

Theorem 7.0.1 The fundamental group 7Ti ( M (A) ) is presented as: 

7r 1 (M(^))^( 7l ,..., Tn | R(C),Cech£(A)). 

We apply this theorem to the arrangement in Figure fT2l ( §6.5j) . Then 

R(C 4 ) = 7r 1 7 2 _1 7i72 
R ( C 5) = 7r 1 7 3 ~ 1 7i73 
R(C 4 ) = 7r 1 727 3 " 1 7i72~ 1 73- 

Hence the fundamental group is isomorphic to the abelian group 

7Ti(M(^)) = Z 7 i © Z 72 © Z 73 . 
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